We report on recent results obtained in the post-Newtonian framework for the modelling of the gravitational waves emitted by binary systems of spinning compact objects (black holes and/or neutron stars). These new results are obtained at the spin-orbit (linear-in-spin) level and solving Einstein's field equations iteratively in harmonic coordinates as well as the multipolar postNewtonian formalism. The dynamics of the binary was tackled at the next-to-next-to-leading order, corresponding to the 3.5 post-Newtonian (PN) order for maximally spinning objects, and the result is found to be consistent with a previously obtained reduced Hamiltonian in the ADM approach. The corresponding contribution to the energy flux emitted by the binary was obtained at the 3.5PN order, as well as the next-to-leading 4PN tail contribution to this flux, an imprint of the non-linearity in the propagation of the wave. These new terms can be used to build more accurate PN templates for the next generation of gravitational wave detectors. We give an illustrative estimate of the quantitative relevance of the new terms in the orbital phasing of the binary.
I. INTRODUCTION
The next generation of large interferometric detectors, such as LIGO, VIRGO, and KA-GRA, as well as the future spatial detector eLISA, are expected to reach the sensitivity required to detect gravitational waves from the inspiral and coalescence of compact objects binary systems. Matched filtering techniques used in the data analysis of these detectors require a very good accuracy of the models built for the expected signals, which is the main motivation for constructing higher order post-Newtonian (PN) templates covering the inspiral phase of the waveform.
The spin of the compact objects, especially of the black holes, has important quantitative and qualitative effects on the waveforms. Notably, misaligned spins induce a precession of the binary's orbital plane. Recent observations indicate that both stellar-size and supermassive black holes can be generically close to maximally spinning, and including spin effects in the templates is therefore relevant.
The spin-orbit, or linear-in-spin contributions, enter the dynamics and energy flux at the 1.5PN
1 order for maximal spins. We report here on new results obtained in a series of papers [1] [2] [3] [4] , extending previous work using the same approach [5, 6] , on the dynamics at the next-to-next-to-leading, 3.5PN order (finding equivalence with a previously obtained reduced Hamiltonian in the Arnowitt-Deser-Misner, or ADM, approach [7, 8] ), as well as on the 3.5PN and 4PN order total energy flux emitted by the binary. These new results can be directly used for building better PN templates of the inspiral. In the following, we use the convention S = cS true = Gm 2 χ, with χ being the dimensionless Kerr parameter, and S true has the dimension of an angular momentum.
II. NEAR-ZONE METRIC, DYNAMICS AND CONSERVED QUANTITIES
The approached used here [9] is based on the choice of an harmonic gauge, ∂ ν h µν = 0 with h µν = √ −gg µν − η µν being the metric perturbation, in which Einstein's equations become:
The representation of the two compact objects as point particles with spin is provided, at the linear-in-spin level, by the pole-dipole model [10] . The stress-energy tensor of the pole-dipole particle model, and the associated equations of motion, read:
with D/dτ = u ν ∇ ν . We use the covariant spin supplementary condition [11] p ν S µν = 0. The mass, defined by m 2 = p µ p µ , and the spin norm, defined by s 2 = S µν S µν /2, are conserved. The iterative solution of (2.1) is parametrized by a set of metric potentials, V , V i ,Ŵ ij ,R i , X,Ẑ ij ,Ŷ i andT , which are solved for using (2.2) and lower-order potentials for the source.
As the matter source involves Dirac delta functions, the gravitational field is singular, and a regularization procedure is to be specified, for both evaluating the field at the location of the particles and giving a meaning to divergent integrals. Some of the metric potentials are computed in the whole near-zone, but others can be computed only regularized at the location of the two bodies. We followed the lines of a previous work on the 3PN non-spinning equations of motion [12] , and applied the dimensional regularization ("dimreg") defined there. We found however that the "pure Hadamard-Schwartz" regularization was sufficient at this order, except for one potential (Ŷ i ) for which we performed a full computation using dimreg, but we checked that all dimreg contributions vanish identically in the final result [1] .
The equations of evolution of the spins and the equations of motion are then obtained, at 3PN order and 3.5PN order respectively, by injecting the regularized metric potentials in (2.3). With these results in hands, one can look for a set of conserved quantities, the orbital energy E, angular momentum J i , linear momentum P i and center-of-mass integral G i . These results for the dynamics can be checked through the following important tests:
• the existence of a set of conserved quantities E, J i , P i , G i ;
• the manifest Lorentz invariance of the obtained equations of motion and precession, which must hold in the harmonic gauge;
• the agreement of the test-mass limit with the known equations of motion of a test particle in a Kerr background;
• in our case, the existence of a contact transformation linking the harmonic-coordinates positions and spins to the positions and spins of the ADM approach [7] , giving agreement between the two sets of evolution equations.
The results also include the metric components themselves [2] , either regularized at the particle positions or evaluated at an arbitrary point of the near-zone, which can be used in other applications. It is more convenient to write the results in terms of spin vectors with conserved Euclidean norm, which can be defined in a geometric way [2] from the properties alone that the covariant norm s is conserved and that the spin tensor is parallel transported.
The equations of motion, of precession as well as the conserved quantities can be reduced in the center-of-mass frame defined by G i = 0, and restricted to the case of quasi-circular orbits of constant radius except for the effect of the radiation reaction. Defining x = rn the orbital separation, v =ẋ the velocity, = n × v/|n × v| the normal to the orbital plane, completing the orthonormal triad with λ, and defining the orbital and precessional frequencies byṅ = ωλ,˙ = − λ, the structure of the conservative spin-orbit dynamics is as follows:ẍ
for A = 1, 2. We refer to the aforementioned articles [2] for the explicit expressions of ω, , Ω A , and we only give here the expression of the additional terms obtained in the conserved energy. With the further definitions
2/3 , the new 3.5PN spin-orbit contributions to the energy read:
III. COMPUTATION OF THE ENERGY FLUX
In a radiative coordinate system, the gravitational waveform can be written as a multipolar sum over radiative moments U L , V L [13] which are symmetric and trace-free (STF). The corresponding energy flux is:
where L stands for a multi-index i 1 . . . i and (n) for the n th time derivative. In the multipolar post-Newtonian formalism [14, 15] , a systematic iteration of Einstein's equations in vacuum is first performed, and then the overlap region between the near-zone and the exterior of the source allows an asymptotic matching procedure which determines the source and gauge
parametrizing the exterior solution, in the form of integrals over the source.
As a result of the matching procedure, the radiative moments contain contributions of different natures. For instance, we have for the radiative quadrupole which enters the waveform at the leading order:
At leading order, the radiative quadrupole is just the second derivative of the usual STF mass moment:
ij +O(2). The non-linearities in the formalism enter through higherorder instantaneous interactions between multipoles, and by hereditary contributions such as tails, memory or tail-of-tail terms. While the spin-orbit contributions enter the energy flux at 1.5PN order, our work on the equations of motion and the near-zone metric allowed a direct computation of the next-to-next-to-leading contribution, i.e. at 3.5PN, where in fact only instantaneous terms arise.
The tails are due to the non-linearity in the propagation of the outgoing wave. They correspond more formally to the interaction between the considered multipole and the mass monopole of the system. Taking the mass quadrupole as an example, the tail contribution is given by the following hereditary integral extending over the past of the source:
with M the ADM mass, and I ij the mass quadrupole. The leading order of the spin-orbit terms due to the tails, at 3PN, was already studied [16] . We addressed the computation of the next-to-leading order, at 4PN. For dimensional reasons, in the case of quasi-circular orbits, the tails are the only contributions to the flux ltipole moments with spin-orbit effects ter-source densities (2.9) depend on the comthe stress-energy tensor. At the leading PN spin contribution therein (indicated by the ) reduce to
, t) = δ[x−y 1 (t)] means the three-dimensional -function evaluated on the particle 1, and ns the same quantity but corresponding to 2. 0] the SO terms have been computed in the quadrupole moment I ij up to next-to-leading r and the source current quadrupole moment next-to-leading 1.5PN order. All the other ents were computed at the leading SO order. lts are sufficient for our purpose. Actually, to e specific contributions of tails we need only ts at leading SO order, given for general by We show (i) the source frame defined by the orthonormal basis (x, y, z), (ii) the instantaneous orbital plane which is described by the orthonormal basis (x , y , ), (iii) the moving triad (n, λ, ), and (iv) the direction of the total angular momentum J (agreeing by definition with the z-direction).
Dashed lines show projections into the x-y plane.
respect to the coordinate time t. It is also equal to the scalar product of n and v which we denote as (nv) =ṙ. The components of the acceleration a = dv/dt along the basis {n, λ, } are then given by
We project out the spins on this orthonormal basis, defining S = S n n + S λ λ + S and similarly for Σ. Next we impose the restriction to quasi-circular precessing orbits which is defined by the conditionsr = 0 =ṙ so that v 2 = r 2 ω 2 (neglecting radiation reaction damping terms). In this way we find [19] that the equations of the relative motion in the frame of the center-of-mass are
There is no component of the acceleration along λ. Comparing with Eqs. (3.12) in the case of circular orbits, we see that ω is indeed the orbital frequency, while what we call the "precessional frequency" ω prec = λ · d /dt is proportional to the variation of in the direction of the velocity v = rωλ. We know that ω 2 is given by
where we denote δ ≡ X 1 − X 2 and s ≡ (s ) = s · , where the spin variables are defined by Eq. at 3PN and 4PN order. The hereditary character of these contributions requires to control the past dynamics of the binary. It can be shown that this dynamics can be considered as conservative, but the effect of the orbital precession needs a priori to be taken into account. Extending previously obtained results [16] , we investigated the precessional effects by formally truncating the dynamics to the linear-in-spin order, and obtained a solution valid at any PN order when the radiation reaction is neglected. Defining the Euler angles ι and α as in Fig. 1 , we found that the spin vectors obey (for A = 1, 2):
with t 0 , S A ⊥ , ψ A 0 constants, and that precessional evolution of the moving triad (n, λ, ) can be entirely expressed in terms of the quantity: 5) where φ = ω(t − t 0 ) + φ 0 is the orbital phase, and J + = J · (n + iλ) is linear in spin and has a simple time dependence obtained from (3.4). Thus, the structure of the integrand in (3.3) is:
This simple time dependence allowed a straightforward computation of the tail contributions to the radiative moments. We found that the precessional contributions cancel out when combining these moments to compute the flux, which can be deduced directly from the structure of the solution for the conservative dynamics, but they do not so in the waveform and our complete calculation will be useful for a future computation of the polarizations 2 of the wave.
2 Or, equivalently, the spin-weighted spherical modes.
TABLE I. Contribution of each post-Newtonian order to the number of cycles, for spin-aligned quasi-circular orbits, computed using a "Taylor 2" approximant between a frequency of 10Hz, representing the entry in the detector's band, and a cut-off frequency arbitrarily set to x = 1/6. The result is given for typical black hole and neutron-star masses. The parameters κ A and χ A stand for the orientation of the spin and the dimensionless Kerr parameter. Notice however that the relative importance of these PN contributions is affected by the choice of the approximant for the phase evolution. This result can be checked by testing:
• the agreement of the test-mass limit with results form the black hole perturbation theory [17] ;
• the agreement of the multipoles obtained for one body with the ones of a boosted Kerr black hole, computed as surface integrals [18] .
IV. THE ORBITAL PHASING OF THE BINARY
The energy flux can be combined with the result obtained for the orbital energy (2.6) through the balance equation F = −dE/dt, which can be rewritten as an evolution equation for the phase and solved using one of the various existing PN approximants. Table I gives the contribution of each post-Newtonian order to the number of cycles expected to be seen in ground-based detectors, for typical LIGO/VIRGO targets, using a "Taylor 2" approximant. A more complete study by other authors [19] has investigated the overlaps between templates built with different approximants, keeping the physical parameters fixed, including or not these new contributions, and concluded to their importance.
